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Scalar versus matrix Scalar case
Applications Matrix case
Open problems New phenomena

Scalar orthogonality

Let w be a positive measure on R. We can construct a family of
orthonormal polynomials (p,),, dense in L2(w,R) such that

(s ) = JR ) = B 5505
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Scalar orthogonality

Let w be a positive measure on R. We can construct a family of
orthonormal polynomials (p,),, dense in L2(w,R) such that

(5 5] :Jan(r)pm(t)dw(t) e J

This is equivalent to a three term recurrence relation

tPn(t) = an—|—1Pn+1(t) +bnpn(t) +anPn—1(t)v an+1 7é 0, bheR n> OJ
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Scalar orthogonality

Let w be a positive measure on R. We can construct a family of
orthonormal polynomials (p,),, dense in L2(w,R) such that

(5 5] :Jan(t)pm(t)dw(r) e \

This is equivalent to a three term recurrence relation

tPn(t) = ant1Pns1(t) +bnpn(t) +8nPn_1(t), any1 70, bpeR n> OJ

Jacobi operator (tridiagonal):

po(t) bo a1 po(t)
. pult) | a1 b a p1(t)

p2(t) a by a3 p2(t)
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Bochner problem

Bochner (1929): characterize (p,), satisfying

dpn = (a2t? + ot + o) pyl (t) + (Bt + Bo) ph(t) = Anpalt)
H—/
h(t) fi(t)
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Bochner problem

Bochner (1929): characterize (p,), satisfying

dpn = (a2t? + ot + o) pyl (t) + (Bt + Bo) ph(t) = Anpalt)
H—/
h(t) fi(t)

This is equivalent to the symmetry of d with respect to (-, ),i.e.

<dPn, pm> = <Pny dpm>
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Bochner problem
Bochner (1929): characterize (p,), satisfying

dpn = (a2t? + ot + o) pyl (t) + (Bt + Bo) ph(t) = Anpalt)
H—/
f(t) fi(t)

This is equivalent to the symmetry of d with respect to (-, ),i.e.
(dpn, Pm) = (P, dpm)
Moment equations
(n—1)(xoppt+x1pup—1+XoHn—2)+B1kntBotn—1, 1 21, pp = J t"w(t)dt

Pearson equation

(R(Hw(t))" = fAi(t)w(t)
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Hermite: f(t) =1, w(t) =e ¥, t € (—o0, 00):

Hn(t)" —2tH,(t)" = —2nH,(t)
Laguerre: h(t) =t, w(t) =t%f o« > —1, t € (0,00):

tL*(t)" + (e + 1 —t)LX(t) = —nL%(t)
Jacobi: h(t) =t(1—1t), w(t) =t*(1—t)P o« p>—1,te (0, 1):
H1— )PP () + (a+ 1= (a+ B +2)t) PSP (1)
Applications:

—n(n+ o+ B+ 1P\ P (1)

/
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Classical families

Hermite: (t) =1, w(t) = et te (—00,00):

Hy(t)" —2tH,(t)" = —2nH,(t)

Laguerre: f(t) =t w(t) =t% ! a>—1, t € (0,00):

tL(t)" + (e + 1 — t)LX(t)" = —nLE(t)
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Classical families

Hermite: f(t) =1, w(t) = et

Hy(t)" —2tH,(t)" = —2nH,(t)

, t € (—00,00):

Laguerre: f(t) =t, w(t) =t%e t, > —1, t € (0, 00):
tL(t)" + (e + 1 — t)LX(t)" = —nLE(t)
Jacobi: h(t) =t(1—1t),w(t) =t*(1—t)B, o, p >—1, t € (0,1):
t(1— )PP (1) 4 (b 1= (a4 B+ 2)1) PP (1) =

—n(n+ o+ p+1)P*P (1)
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Classical families

—¢t2

Hermite: (t) =1, w(t)=e ", t € (—o0,0):

Hy(t)" —2tH,(t)" = —2nH,(t)
Laguerre: f(t) =t, w(t) =t%e t, > —1, t € (0, 00):
tL(t)" + (e + 1 — t)LX(t)" = —nLE(t)
Jacobi: h(t) =t(1—1t),w(t) =t*(1—t)B, o, p >—1, t € (0,1):
t(1— )PP ()" + (a1 — (a+ B +2)t) Py P (1) =

—n(n+ o+ B+ 1)PYF) (1)
Applications:
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Classical families

Hermite: (t) =1, w(t) = et te (—00,00):

Hy(t)" —2tH,(t)" = —2nH,(t)

Laguerre: f(t) =t, w(t) =t%e t, > —1, t € (0, 00):

tL(t)" + (e + 1 — t)LX(t)" = —nLE(t)

Jacobi: h(t) =t(1—1t),w(t) =t*(1—t)B, o, p >—1, t € (0,1):
t(1— )PP ()" 4 (a+ 1= (a+ B +2)0) PP (1) =

—n(n+ o+ B+ 1)PYF) (1)
Applications:

@ Quantum non relativistic models (Schrédinger equation).
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Classical families

Hermite: (t) =1, w(t) = et te (—00,00):

Hy(t)" —2tH,(t)" = —2nH,(t)

Laguerre: f(t) =t, w(t) =t%e t, > —1, t € (0, 00):

tL(t)" + (e + 1 — t)LX(t)" = —nLE(t)

Jacobi: h(t) =t(1—1t),w(t) =t*(1—t)B, o, p >—1, t € (0,1):
t1— )PP () + (a+ 1~ (a+ B+ 2)0) PP (1) =
—n(n+ o+ p+1)P*P (1)
Applications:

@ Quantum non relativistic models (Schrédinger equation).
@ Electrostatic equilibrium (with logarithmic potential).
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Matrix valued polynomials on the real line:

Cot"+ Cpat" '+ G, GeCVN
Krein (1949): orthogonal matrix polynomials (
Orthogonality:

Matrix valued inner product:

)

W (positive definite on L2(W,CN*N))

b
(P, Q)w J P(6)AW(£) Q" (£) € TN,

P, Q € CV*N[¢

«0>» «Fr «E» « QR
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Matrix case

Matrix valued polynomials on the real line:
Cot"+ Cp1t" 4+ Co, G eCNXN

Krein (1949): orthogonal matrix polynomials (OMP)

Manuel Dominguez de la Iglesia Methods of OMP satisfying differential equations



Scalar versus matrix Scalar case
Applications Matrix case
Open problems New phenomena

Matrix case
Matrix valued polynomials on the real line:
Cot"+ Cp1t" 4+ Co, G eCNXN

Krein (1949): orthogonal matrix polynomials (OMP)

Orthogonality: weight matrix W (positive definite on L2(W, CV*N))
Matrix valued inner product:

b
<Pv Q)W—J P(t)dW(t)Q*(t)eCNXN' P,QE(CNXN[t]

a
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Matrix case
Matrix valued polynomials on the real line:
Cot"+ Cp1t" 4+ Co, G eCNXN

Krein (1949): orthogonal matrix polynomials (OMP)

Orthogonality: weight matrix W (positive definite on L2(W, CV*N))
Matrix valued inner product:

b
<Pv Q)W —J P(t)dW (t)Q*(t) ECNXN, P,QE(CNXN[t]

a

@ A weight matrix W(t) reduces to scalar weights if there exists a

nonsingular matrix (independent of t) T such that W(t) = TD(t)T*
where D(t) diagonal.
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Orthonormality of (P,), with respect to a weight matrix W

(Pn, Pm)w = JR P.(t)dW (t)P(t) = dpml, n,m=0

is equivalent to a three term recurrence relation

t'Dn(t) = An+1Pn+1(t) + BnPn(t) +A:Pn71(t)u n=0
det(An1) #0, B, =B,
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Orthonormality of (P,), with respect to a weight matrix W

(Pn, Pm)w = JR P.(t)dW (t)P(t) = dpml, n,m=0

is equivalent to a three term recurrence relation

t'Dn(t) = An+1Pn+1(t) + BnPn(t) +A:Pn71(t)x n=0
det(An1) #0, B, =B,

Jacobi operator (block tridiagonal)

Po(t) By A Py(t)
Py (t) Al Bl A Py (t)

Bl py(t) | = A5 By As P,(t)
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Orthonormality of (P,), with respect to a weight matrix W

(Pn, Pm)w = JR P.(t)dW (t)P(t) = dpml, n,m=0

is equivalent to a three term recurrence relation

t'Dn(t) :An+1Pn+1(t)+BnPn(t)+A:Pnfl(t)x n=0
dEt(An+1) 5& 0, Bn = B:

Jacobi operator (block tridiagonal)

Po(t) By A Po(t)
Py (t) Al Bl A Pi(t)
lp(e) | = As By As Py (t)

@ Systematic study: Asymptotics, zeros of OMP, quadrature formulae...

Applications: scattering theory, times series and signal processing...
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Duran (1997): characterize orthonormal (P,), satisfying

P/(t)(F3t° + Fit + FE) + Ph(t)(Fit + Fg) + Pa(t)Fo(t) = AnPal(t),
—
Fa(t) F1(t)
n>0, A, Hermitian

Manuel Dominguez de la Iglesia Methods of OMP satisfying differential equations
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Duran (1997): characterize orthonormal (P,), satisfying

P(t)(F3t® + F2t + F3) + PL(t)(Fit + F3) + Pa(t)Fol(t) = AnPa(t),
—
Fa(t) F1(t)
n>0, A, Hermitian

Equivalent to the symmetry of

D =03%F(t)+ d'Fu(t) + 0 Fo(t), 3=
with  P,D = A,P,

D is symmetric with respect to W if (PD, Q)w = (P, QD)w
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@ Matrix spherical functions associated to P,(C) =SU(n+ 1)/U(n)
Griinbaum-Pacharoni-Tirao (2003)
@ Duran-Griinbaum (2004):

Moment equations

B2 = (B3* n>2
2n—1)B2+ B+ (BYY* =0, n>1
n(n—1)B2+ nB} + BY = (BY)*,

J
B/ =

n

i=0

2 J, Hth"dW(t)
«0>» «Fr «Z» «E>» P NEa
~ Manuel Dominguez de la Iglesia  Methods of OMP satisfying differential equations
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How to get examples

@ Matrix spherical functions associated to P,(C) =SU(n+ 1)/U(n)
Griinbaum-Pacharoni-Tirao (2003)
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How to get examples

@ Matrix spherical functions associated to P,(C) =SU(n+ 1)/U(n)
Griinbaum-Pacharoni-Tirao (2003)

@ Duran-Griinbaum (2004):
Moment equations
B2=(B%)* n>2
2(n—1)B+ By + (By)* =0, n>1
n(n—1)B2+nB! +B% = (B%)*, n>0
J

Bl =Y Flpni =012 n>j u=|eaw()
i=0
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@ Duran-Griinbaum (2004):
Symmetry equations
FaW = WF
2(RW) = RW + WF;
(RW)" — (RW)' + FoW = WFg

lim F(t)W(t) =0= lim(F(t)W(t) — W(t)F{(t)), for x=a,b

t—x t—x
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@ Duran-Griinbaum (2004):
Symmetry equations
F,W = WF5
20RW) = RW + WF
(W) — (RW) + FoW = WF§

lim F(t)W(t) =0= lim(F(t)W(t) — W(t)F{(t)), for x=a,b

t—x t—x

General method: Suppose F»(t) = f>(t) with real coefficients.
Factorize

W(t) = w(t) T(£) T*(t),
where w is an scalar weight (Hermite, Laguerre or Jacobi) and T is a

matrix function solving
T'(t) =G(t)T(t)
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@ The first symmetry equation is trivial.
@ Defining

h(t)w(t))’
Falt) = 26(0)6(1) + 2
the second symmetry equation also holds.
© The third is equivalent to

w(t)

(AW — WF) =2(FoW — WF{).
Then, it is enough to find Fg such that

x(t)=T 1(t)<f2(t)G(t)+fz(t)G(t)2+

is hermitian for all t.

(B(t)w(t))’
MG(HFO> T(t)
“Or <@ <= <Er» E 9DAC
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© The first symmetry equation is trivial.

@ Defining
(h(t)w(t))’

Fi(t) =2R(1)G(t) + wl()

the second symmetry equation also holds.
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© The first symmetry equation is trivial.

@ Defini
e (BBw(t)’

Fi(t) =2R(1)G(t) + wl()

the second symmetry equation also holds.

© The third is equivalent to
(AW — WFI*)/ =2(FoW — WFy).
Then, it is enough to find Fy such that

(f2(t)w(t))’

x(t) = T‘l(t)<fz(t)G(t)+6(t)G(t)2+
w(t)

ﬂﬂ%)ﬂﬂ

is hermitian for all t.
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Take h=/and w =e"t
Then G(t) = A+ 2Bt

{If B=0= W(t)=e FeAteA't

IfA=0= W(t) =e teB?eBt?
The Hermitian condition force us to take

0 vi 0 0
0 0 s 0
A=1: ,vi € C\ {0}
0 0 0 VN-1
0 0 O
and B=Y N 1(—1)

0
: EERVER YV
le AJ «O>» «Fr «=)» «=)» QR
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Examples

Take o =/ and w = e *°.

Then G(t) = A+ 2Bt

If B=0= W(t) =e FeAteA't
IfA=0= W(t)=e t"eB Bt
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Scalar versus matrix
Applications
Open problems

Examples

Take o =/ and w = e *°.
Then G(t) = A+ 2Bt

If B=0= W(t) =
IfA=0= W(t) =

Scalar case
Matrix case
New phenomena

_ 2 *
et eAteA t

_ 2 2 g2
e teBteBt

The Hermitian condition force us to take

0 Vi 0
0 0 Vo
A=1:
0 0 O
0 0 O
and B = Z 1y A

Manuel Dominguez de la Iglesia

,vi € C\ {0}
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Examples

The same for f, =t/ and w = t%e™t
Then G(t) =A+ £

If B=0= tXe teAteA't
If A=0= t*e ttB¢B
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Examples

The same for f, =t/ and w = t%e™t
Then G(t) =A+ £

If B=0= tXe teAteA't
If A=0= t*e ttB¢B

and for b = (1 —t2)/ and w = (1 — t)*(1+t)P

Then G(t) = 2; + &
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@ Matrix valued bispectral problem (Griinbaum-Tirao, 2007) =
ad-conditions

By A; Po(t) Po(t)
Al B A Pi(t) | =t | Pi(t)
dk+1 A) =
Po(t) Ao Po(t) Gadim A =0
Pi(t) | D= A1 Pi(t)
VAN

where L is the Jacobi operator of the corresponding family of OMP
and D is a differential operator of order k
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Algebra of differential operators

For a fixed family (P,), of OMP we study the algebra over C

k
D(W) = {D = Za"F,-(t) : P,D = A,(D)P,, n=0,1,2,.. }
i=0
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Algebra of differential operators

For a fixed family (P,), of OMP we study the algebra over C

k
D(W) = {D = Za"F,(t) : P,D = A,(D)P,, n=0,1,2,.. }
i=0

Scalar case: If F is the second order differential operator (Hermite,
Laguerre or Jacobi), then any operator U such that Up, = A,pp

k
U=) ¢F, ¢eC
i=0

= D(w) = Cl[t]
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Scalar case
Matrix case

New phenomena

elements

Matrix case: This algebra can be noncommutative and generated by several

o F

DA
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Matrix case: This algebra can be noncommutative and generated by several
elements

o Existence of several linearly independent second order differential
operators having a fixed family of MOP as eigenfunctions
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Matrix case: This algebra can be noncommutative and generated by several
elements

o Existence of several linearly independent second order differential
operators having a fixed family of MOP as eigenfunctions

o Existence of families of MOP satisfying odd order differential equations
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Matrix case: This algebra can be noncommutative and generated by several
elements
o Existence of several linearly independent second order differential
operators having a fixed family of MOP as eigenfunctions
o Existence of families of MOP satisfying odd order differential equations

Algebras: conjectures (Castro, Duran, Griinbaum, Mdl)
except one (Tirao) due to Castro—Griinbaum (2006)
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Matrix case: This algebra can be noncommutative and generated by several
elements

o Existence of several linearly independent second order differential

operators having a fixed family of MOP as eigenfunctions

o Existence of families of MOP satisfying odd order differential equations
Algebras: conjectures (Castro, Duran, Griinbaum, Mdl)
except one (Tirao) due to Castro—Griinbaum (2006)
Properties (Griinbaum-Tirao, 2007):
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Matrix case: This algebra can be noncommutative and generated by several
elements

o Existence of several linearly independent second order differential

operators having a fixed family of MOP as eigenfunctions

o Existence of families of MOP satisfying odd order differential equations
Algebras: conjectures (Castro, Duran, Griinbaum, Mdl)
except one (Tirao) due to Castro—Griinbaum (2006)
Properties (Griinbaum-Tirao, 2007):

@ The map D — (A,(D)), is a faithful representation, i.e.

> An(D1D2) = Ap(D1)As(D2)
» A,(D) =0 for all n, then D=0
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Matrix case: This algebra can be noncommutative and generated by several
elements
o Existence of several linearly independent second order differential
operators having a fixed family of MOP as eigenfunctions
o Existence of families of MOP satisfying odd order differential equations
Algebras: conjectures (Castro, Duran, Griinbaum, Mdl)
except one (Tirao) due to Castro—Griinbaum (2006)
Properties (Griinbaum-Tirao, 2007):
@ The map D — (A,(D)), is a faithful representation, i.e.
> An(D1D2) = Ap(D1)As(D2)
» A,(D) =0 for all n, then D=0
@ For D € D(W), there exists D* € D(W) such that
(PD, Q)w = (P, QD*)w
= D(W) =8(W) ®118(W)
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Convex cone of weight matrices

Dual situation to D(W): given a fixed differential operator D we study:

Y(D)={W: (PD,Qw = (P,QD)w, forall P,Q}
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Convex cone of weight matrices

Dual situation to D(W): given a fixed differential operator D we study:

Y(D)={W: (PD,Qw = (P,QD)w, forall P,Q}

e If Y(D) #0, it is a convex cone:
Wi, Wo € Y(D) = yW; + (W, € Y(D), v, C = 0 (one of them # 0)
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Convex cone of weight matrices

Dual situation to D(W): given a fixed differential operator D we study:

Y(D)={W: (PD,Qw = (P,QD)w, forall P,Q}

e If Y(D) #0, it is a convex cone:
Wi, Wo € Y(D) = yW; + (W, € Y(D), v, C = 0 (one of them # 0)

The weight matrices W going along with a symmetric second order
differential operator D give examples where Y(D) # () (one dimensional)
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Convex cone of weight matrices

Dual situation to D(W): given a fixed differential operator D we study:

Y(D)={W: (PD,Qw = (P,QD)w, forall P,Q}

e If Y(D) #0, it is a convex cone:
Wi, Wo € Y(D) = yW; + (W, € Y(D), v, C = 0 (one of them # 0)

The weight matrices W going along with a symmetric second order
differential operator D give examples where Y(D) # () (one dimensional)
We show the first examples of symmetric second order differential operators
D for which Y'(D) is a two dimensional convex cone.
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Convex cone of weight matrices

Dual situation to D(W): given a fixed differential operator D we study:

Y(D)={W: (PD,Qw = (P,QD)w, forall P,Q}

e If Y(D) #0, it is a convex cone:
Wi, Wo € Y(D) = yW; + (W, € Y(D), v, C = 0 (one of them # 0)

The weight matrices W going along with a symmetric second order
differential operator D give examples where Y(D) # () (one dimensional)
We show the first examples of symmetric second order differential operators
D for which Y'(D) is a two dimensional convex cone.

= New phenomenon: (Monic) MOP P, ./, with respect to yW; + (W>

Pnc/vD =TaPnc/y
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Scalar versus matrix Scalar case
Applications Matrix case
Open problems New phenomena

Adding a Dirac delta distribution

All examples we consider are of the form

YW 4+ CM(t)d,, v >0,020, theR,

where W is a weight matrix having several linearly independent symmetric second
order differential operators and M(ty) certain positive semidefinite matrix.
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Scalar versus matrix Scalar case
Applications Matrix case
Open problems New phenomena

Adding a Dirac delta distribution

All examples we consider are of the form

YW 4+ CM(t)d,, v >0,020, theR,

where W is a weight matrix having several linearly independent symmetric second
order differential operators and M(ty) certain positive semidefinite matrix.

Scalar case (w + mbdy,)
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Scalar versus matrix Scalar case
Applications Matrix case
Open problems New phenomena

Adding a Dirac delta distribution

All examples we consider are of the form

YW 4+ CM(t)d,, v >0,020, theR,

where W is a weight matrix having several linearly independent symmetric second
order differential operators and M(ty) certain positive semidefinite matrix.

Scalar case (w + mbdy,)

@ Second order: there are NOT symmetric second order differential operators.
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Scalar versus matrix Scalar case
Applications Matrix case
Open problems New phenomena

Adding a Dirac delta distribution

All examples we consider are of the form

YW 4+ CM(t)d,, v >0,020, theR,

where W is a weight matrix having several linearly independent symmetric second
order differential operators and M(ty) certain positive semidefinite matrix.

Scalar case (w + md;,)

@ Second order: there are NOT symmetric second order differential operators.

@ Fourth order: ty at the endpoints of the support, which is NOT symmetric
with respect to the original weight (Krall, 1941):

Laguerre type et + Mdg
Legendre type 1+ M(6_1 + 61)
Jacobi type (1 — t)* + Mg
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Scalar versus matrix Scalar case
Applications Matrix case
Open problems New phenomena

Method to find examples

Theorem (Duran—Mdl, 2008)

Let W be a weight matrix and D = 0%F5(t) + 0 Fy(t) + 0°Fy. Assume

that associated with the real point ty € R there exists a Hermitian positive
semidefinite matrix M(ty) satisfying

Fa(to)M(to) =0,
F1(to)M(to) =0,
FoM(ty) = M(to) Fy

Then ) o
D is symmetric with respect to W
=4
D is symmetric with respect to YW + (M (tg)d4,

Manuel Dominguez de la Iglesia Methods of OMP satisfying differential equations




Wit) = e* (1 e

at
1

at

), teR, aeR\{0}

Symmetry equations = Expression for the 5-dimensional (real) linear space
of symmetric differential operators of order at most two
Constraints:

Fo(to) M(t

0)

F1(to)M(to)

0
0,

FoM(to)

M(to) Fo
«0O0>» «Fr «=» « Q>
~ Manuel Dominguez de la Iglesia  Methods of OMP satisfying differential equations
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Scalar versus matrix Scalar case
Applications Matrix case
Open problems New phenomena

Example where t5 € R

1+ a%t? at
at 1

W(t)—e—f2< ) tcR, acR\{0}

Symmetry equations = Expression for the 5-dimensional (real) linear space
of symmetric differential operators of order at most two
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Scalar versus matrix Scalar case
Applications Matrix case
Open problems New phenomena

Example where t5 € R

1+ a%t? at
W(t)—e—t2<+; ‘1) teR, acR\{0

Symmetry equations = Expression for the 5-dimensional (real) linear space
of symmetric differential operators of order at most two

Constraints:

Fa(to)M(tg) =0
F1(to)M(to) =0,
FoM(ty) = M(to) Fy
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Scalar versus matrix Scalar case
Applications Matrix case
Open problems New phenomena

D = 02Fy(t) + 0*Fi(t) + °Fo (1),

1—at —1+a%t?
FZ(t):( -1 1+ at )
—2a—2t 2a+2(2+a’)t
Fa(e) = ( 0 —(2t | )
1 22+222
Rin= (3 5
a2
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Scalar versus matrix Scalar case
Applications Matrix case
Open problems New phenomena

St
I
o

D = 0%F,(t) + 0 Fy(t) + 3°Fo(t),

1—at —1+a%t?
F2(t)_( -1 1+ at )
—2a—2t 2a+2(2+a’)t
Fa(e) = ( 0 —(2t | )
-1 22+222
Rin= (3 5
az

= D is symmetric with respect to the family of weight matrices

e (143%t% at 11
vio)={ve ("1 F)+e(] 1)at v>oczol
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Scalar versus matrix Scalar case
Applications Matrix case
Open problems New phenomena

D = 02Fy(t) + 0 Fi(t) + °Fo (1),

éat0+ato—at —1— (atg)t + a2 t2>
Eato—l—at

< 2a+2<z‘.,t0 —2ty — 2aaato+2(2+a2)t>

2(83,, — ato)t

E»a to + 2 to 22+232
‘Ea to 2%0

/ 2.2
(5t0a2 toa) Ei _atoj: 4+ acts
! a,to —

2

to a
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Scalar versus matrix
Applications
Open problems

Outline

© Applications
@ Quasi-birth-and-death processes
@ Quantum mechanics
@ Time-and-band limiting
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Scalar versus matrix Quasi-birth-and-death processes
Applications Quantum mechanics
Open problems Time-and-band limiting

Birth-and-death processes

Transition probability matrix

b() ao
a b a
F= @ b2 a ! anO,an,c,,>0' an+bn+cn:1
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Scalar versus matrix Quasi-birth-and-death processes
Applications Quantum mechanics
Open problems Time-and-band limiting

Birth-and-death processes

Transition probability matrix

bo a0
1 b1 ai
P = o b a ., b,>0,a,¢c,>0, a,+b,+c,=1

O O O

Manuel Dominguez de la Iglesia Methods of OMP satisfying differential equations



Scalar versus matrix
Applications
Open problems

Birth-and-death processes

Transition probability matrix

bo ao
c b a
P = o b a ’

Manuel Dominguez de la Iglesia

Quasi-birth-and-death processes
Quantum mechanics
Time-and-band limiting

b,>0,a,¢c, >0, a,+b,+c,=1

Methods of OMP satisfying differential equations



Scalar versus matrix
Applications
Open problems

Birth-and-death processes

Transition probability matrix

bo ao
c b a
P = o b a ’
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b,>0,a,¢c, >0, a,+b,+c,=1
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Scalar versus matrix
Applications
Open problems

Birth-and-death processes

Transition probability matrix

bo ao
c b a
P = o b a ’

Manuel Dominguez de la Iglesia

Quasi-birth-and-death processes
Quantum mechanics
Time-and-band limiting

b,>0,a,¢c, >0, a,+b,+c,=1
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Scalar versus matrix Quasi-birth-and-death processes
Applications Quantum mechanics
Open problems Time-and-band limiting

Introducing the polynomials (g,), by the conditions q_1(t) =0, go(t) =1
and the recursion relation

qo(t) qo(t)
tlalt) | =p | qult)

tqn(t) = anqn+1(t) + bnqn(t) + qun—l(t)- n=0,1,...

there exists a unique measure dw(t) supported in [—1, 1] such that

1 1
L q,-(rJqJ-(r)dw(r)/J gi(tPda(t) = 5;

—1
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Scalar versus matrix Quasi-birth-and-death processes
Applications Quantum mechanics
Open problems Time-and-band limiting

n-step transition probability matrix:

Prob{E; — Ej in n steps} = Pj; = Z Pit Proky - P
KiK. kn_1

n—lj
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Scalar versus matrix Quasi-birth-and-death processes
Applications Quantum mechanics
Open problems Time-and-band limiting

n-step transition probability matrix:

Prob{E; — Ej in n steps} = Pj; = Z Pit Proky - P
KiK. kn_1

n—lj

Karlin y McGregor (1959): integral representation of P”

Karlin-McGregor formula

1 1
Py :J tnqi(t)qj(t)dw(t]/J qj(t)*dw(t)
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Scalar versus matrix Quasi-birth-and-death processes
Applications Quantum mechanics
Open problems Time-and-band limiting

n-step transition probability matrix:

Prob{E; — Ej in n steps} = Pj; = Z Pit Proky - P
ki ko, ... kn_1

n—l_j

Karlin y McGregor (1959): integral representation of P”

Karlin-McGregor formula

1 1
Py :J tnq,‘(t)qj(t)dw(t]/J qj(t)*dw(t)

Invariant measure or distribution

A non-null vector 7t = (71g, 711, 712, . . . ) with non-negative components

P =7

Manuel Dominguez de la Iglesia Methods of OMP satisfying differential equations




Scalar versus matrix Quasi-birth-and-death processes
Applications Quantum mechanics
Open problems Time-and-band limiting

n-step transition probability matrix:

Prob{E; — Ej in n steps} = Pj; = Z Pit Proky - P
ki ko, ... kn_1

n—l_j

Karlin y McGregor (1959): integral representation of P”

Karlin-McGregor formula

1 1
Py :J tnq,‘(t)qj(t)dw(t)/J qj(t)*dw(t)

Invariant measure or distribution
A non-null vector 7t = (71g, 711, 712, . . . ) with non-negative components
P =7

apd1 - - adj—1
=M =———
C1C2 -+ ¢
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Scalar versus matrix Quasi-birth-and-death processes
Applications Quantum mechanics
Open problems Time-and-band limiting

n-step transition probability matrix:

Prob{E; — Ej in n steps} = P,-j-’ = Z Pit Proky - P
K,k kn_1

n—l_j

Karlin y McGregor (1959): integral representation of P”

Karlin-McGregor formula

1 1
P,-7=J tnqi(t)qj(t)dw(t)/J gi(t)*dw(t)

Invariant measure or distribution

A non-null vector 7t = (71g, 711, 712, . . . ) with non-negative components
nmP=m

apdl * - adji—1 1 1
= T = :

ac-a L @(tdw() N4l
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Scalar versus matrix Quasi-birth-and-death processes
Applications Quantum mechanics
Open problems Time-and-band limiting

Quasi-birth-and-death processes

Transition probability matrix

By, A
¢ B A (An)i (Ba)i (Ca > 0, det(Ay), det(C,) #0
P = G B A C Y (At (B + (Gl =1, i=1,... N

i
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Scalar versus matrix
Applications
Open problems

Quasi-birth-and-death processes
Quantum mechanics
Time-and-band limiting

Quasi-birth-and-death processes

Transition probability matrix

By Ao
G B A
P = G B A :

Particular case: pentadiagonal matrix

(An)ijx (Bn)ij- (Cn)u >0, det(An)x det(Cn) ?é 0
D (At (Ba)j+(Caly=1,i=1,....N

J

bo do do 0 0
ca b a; dp
€ C b2 ar d2 0 0
P = 0 €3 C3 b3 as d3
0 e G by a4 do 0
0 65 s bs as ds

Manuel Dominguez de la Iglesia
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Scalar versus matrix Quasi-birth-and-death processes
Applications Quantum mechanics
Open problems Time-and-band limiting

Network

O © ©
O © ©
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Scalar versus matrix Quasi-birth-and-death processes
Applications Quantum mechanics
Open problems Time-and-band limiting

Network

> a0

b @) @)

bs bs
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Scalar versus matrix Quasi-birth-and-death processes
Applications Quantum mechanics
Open problems Time-and-band limiting

Network

SR
RONSO
a as as
do ) an ds
3

SO0

b @)

b bs
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Scalar versus matrix
Applications
Open problems

Network

by

&

()

a3
a2

=0

5] do

O

a
&

@)

bs

Manuel Dominguez de la Iglesia

Quasi-birth-and-death processes
Quantum mechanics
Time-and-band limiting

by

()

a5
Cs dasa
C6

@)

bs
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Scalar versus matrix Quasi-birth-and-death processes
Applications Quantum mechanics
Open problems Time-and-band limiting

Network

Q do ﬁ d ﬁ _d

di as
1 do C3 an Ci
Co Cyq

( as
5 a4
Co
FOSNONO
) @)
b3 b5
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Applications
Open problems

Network

by

2 0

O
d d d.
Q@::" e (5) e =

€2
ai as
1 0] C3 a2 Cs
Co Cyq
d

T
@) @)

bs

Manuel Dominguez de la Iglesia

Quasi-birth-and-death processes
Quantum mechanics
Time-and-band limiting

by

as
a4
Co
/ir,\) .
-

bs
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Scalar versus matrix Quasi-birth-and-death processes
Applications Quantum mechanics
Open problems Time-and-band limiting

OMP: Griinbaum (2007) and Dette-Reuther-Studden-Zygmunt (2007):
Introducing the matrix polynomials (Q,), by the conditions Q_1(t) =0,
Qo(t) = I and the recursion relation

th(t) - AnQnJrl(t) + BnQn(t) + CnQn—l(t)y n= O. ]., cee

and under certain technical conditions over A, B,, C,, there exists an
unique weight matrix dW(t) supported in [—1, 1] such that

1 1 -1
(L o,-(t)dvv(r)oj*(r)) (J loj(r)dvv(t)of(t)> = 5
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Quasi-birth-and-death processes
Quantum mechanics
Karlin-McGregor formula
n __
Pij

Time-and-band limiting

1

(El eonaw(n (o) ( |

1
o )dW(t)o;(t))

m]

=

DA™



Scalar versus matrix Quasi-birth-and-death processes

Applications Quantum mechanics

Open problems Time-and-band limiting

Karlin-McGregor formula

1 1 -1
Pp = <J1 t”Q,-(t)dW(t)Qj“(t)) <J 1 Qj(t)dW(t)Qj“(t)>

Invariant measure or distribution

Non-null vector with non-negative components

= (%) = (], 7, TR L T,
such that
P =7
= it) =4

1
T )
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Scalar versus matrix Quasi-birth-and-death processes
Applications Quantum mechanics
Open problems Time-and-band limiting

The family of processes (size N x N)

Conjugation

W(t)=T"W(t)T

where
1 1
T = 0 x+PB—k+2
B—k+1
Griinbaum-MdI (2008)

T aq ap( kt+HB—k+1 (1—t)([5—k+1)>
Wit) =151 -1) <(1—t)(f5—k+1) (1= t)2(B — k+1)

te(0,1), x,p>—-1,0<k<pP+1
Pacharoni-Tirao (2006)
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Scalar versus matrix Quasi-birth-and-death processes
Applications Quantum mechanics
Open problems Time-and-band limiting

We consider the family of OMP (Q,(t)), such that
@ Three term recurrence relation

th(t) = AnQn—O—l(ﬂ + BnQn(t) + Cnanl(t)v n= 0, 1v e
where the Jacobi matrix is stochastic

Manuel Dominguez de la Iglesia Methods of OMP satisfying differential equations
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We consider the family of OMP (Q,(t)), such that
@ Three term recurrence relation
tQn(t) = AnQn+1(t) + ByQn(t) + Ch@n—1(t), n=0,1,...
where the Jacobi matrix is stochastic
@ Choosing Qq(t) = I the leading coefficient of @, is

k (x+pB+2n+2)
MR +2)l(x+p+2n+2) (tn _(oc+[5n+(:1(+2](oc:—(3k+2)>

(n+otB—k+2) (ot p+2n+2)
Mo+ B+n+2)P(B+n+2) 0 (et BInt2) (ot B_Kk12)
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We consider the family of OMP (Q,(t)), such that
@ Three term recurrence relation
tQn(t) = AnQn+1(t) + ByQn(t) + Ch@n—1(t), n=0,1,...
where the Jacobi matrix is stochastic
@ Choosing Qq(t) = I the leading coefficient of @, is

k (x+pB+2n+2)
MR +2)l(x+p+2n+2) (tn _(oc+6n+(:1(+2)(o:0—(5k+2)>

(n+otB—k+2) (ot p+2n+2)
Mo+ B+n+2)P(B+n+2) 0 (et BInt2) (ot B_Kk12)

@ Moreover, the corresponding norms are diagonal matrices:

(n+ o+ 1)r(n+1)r((5+2)2(n+cx+(5—/<+2)><
FMn+oax+pR+2)F(n+p+2)

n+k 0
k(2ntot+p+2)
0 (n+a+1)(n+k+1)
(B—k+1)(2n+a+p+3) (n+a+p+2)

I
1Qnlliy =

Manuel Dominguez de la Iglesia Methods of OMP satisfying differential equations
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Pentadiagonal Jacobi matrix

Particular case x = =0, k =1/2:
5 2 2
9 9 9
2 7 4 3
9 18 45 10
501w 3o
36 18 225 50 50
1 4 23 6 2
p_ 6 75 50 175 7
1“2 597 4 40
75 75 1225 147 147
16 4 8 5
5 245 98 441 18
Bl 3 1055 5 115
392 196 3969 324 648
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Applications
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[nvariant measure

Invariant measure

The row vector

n __ 1 1 .
o <(||Qn||%v)1,1' (1Qnllfy )2,

is an invariant measure of P

Quasi-birth-and-death processes
Quantum mechanics
Time-and-band limiting

1
e, ——, 20
(||Qn||2W)N,N> !

Manuel Dominguez de la Iglesia
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Scalar versus matrix Quasi-birth-and-death processes
Applications Quantum mechanics

Open problems Time-and-band limiting
Invariant measure
Invariant measure
The row vector
m=(n% )

n 1 1 1
o <(uonu2w>1,1' (@), (||Qnu2W>N,N>’ "=
is an invariant measure of P
Particular case N =2, x =3 =0, k =1/2:

n< 2(n+1)3 (n+1nn+m>
" = : :
(2n+3)(2n+1) 2n+3

(2 2 16 6 54 12 128 20 250 30 432 42 686 56 >

n>0

3'3'15'5'35" 7" 63" 9" 99 '11'143"13"195" 15’
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Quantum mechanics

Dirac’s equation (central Coulomb potential)

T'(t) = (A+ g) T(t)

0 1+ w —a b
A_<1—w 0 > B_<—b a)

where

Rose (1961)

Manuel Dominguez de la Iglesia Methods of OMP satisfying differential equations
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Quantum mechanics

Dirac’s equation (central Coulomb potential)

T'(t) = <A+ g) T(t)

0 1+ w —a b
A_<1—w 0 > B_<—b a)

where

Rose (1961)

Choosing w = £v/a? — b?/a (lowest possible energy level) the solution of
the Dirac’s equation gives rise to a matrix weight whose OMP are
eigenfunctions of certain second order differential equation
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Scalar versus matrix Quasi-birth-and-death processes
Applications Quantum mechanics
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Theorem (Duran-Griinbaum, 2006)

Consider the following instance of the Dirac’s equation

T'(t) = <2\+ g) T(t)

. 11\ = [(—1/2 a—1/2
_ 5 _
A=y1 1/(4a)<0 1>' B (o 1/2>
Then W(t) = t*tletT(t)e PatHe Pal T*(t), where

H = ePa T_l(l)(T_l)*(l)eDE\ allows for the following second order
differential operator

D =0%tl + oY (—tl +2E+ (x + 1)) + °(—E + Ey)

(0 12 14 (-1 12
E‘(o 1>’ Fo=—35 (—2 1>
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Scalar versus matrix Quasi-birth-and-death processes
Applications Quantum mechanics
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Time-and-band limiting

Given a full matrix M (integral operator) the computation of all its
eigenvectors can be explicitly given if one finds a tridiagonal matrix S
(differential operator) with simple spectrum such that

MS = SM
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Time-and-band limiting

Given a full matrix M (integral operator) the computation of all its
eigenvectors can be explicitly given if one finds a tridiagonal matrix S
(differential operator) with simple spectrum such that

MS = SM

Classical scalar orthogonal polynomials: Griinbaum (1983)
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Time-and-band limiting

Given a full matrix M (integral operator) the computation of all its
eigenvectors can be explicitly given if one finds a tridiagonal matrix S
(differential operator) with simple spectrum such that

MS = SM

Classical scalar orthogonal polynomials: Griinbaum (1983)
Matrix case: Duran-Griinbaum (2005)
Example of QBD for N =2, 6 =3 =0, k =1/2

1 1
W(t)<§t+§ 2t —1 > te01]

2t—1 22— U420

Griinbaum (2003)
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Considering the same family (Q,), as before we have that

(2n+1)(2n+3) 0
HQ H2 _ 2(n+1)3
nilw — 0 2n+3
(n+1)(n+2)

and we can produce a family of normalized OMP P, = ||Qy||,y} @n
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Considering the same family (Q,), as before we have that

(2n+1)(2n+3) 0
HQ H2 _ 2(n+1)3
nilw — 0 2n+3
(n+1)(n+2)

and we can produce a family of normalized OMP P, = ||Qy||,y} @n

Reproducing kernel
Q

(M) = | PUOW(RP] (B)de, j=0L... T
0

“Band limiting": Restriction to the interval (0, Q)

“Time limiting": Restriction to the range 0,1,..., T
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Considering the same family (Q,), as before we have that

(2n+1)(2n+3) 0
HQ H2 _ 2(n+1)3
nilw — 0 2n+3
(n+1)(n+2)

and we can produce a family of normalized OMP P, = ||Qy||,y} @n

Reproducing kernel
Q

(M) = | PUOW(RP] (B)de, j=0L... T
0

“Band limiting": Restriction to the interval (0, Q)

“Time limiting": Restriction to the range 0,1,..., T

= There exists a block tridiagonal matrix S (pentadiagonal) such that
M commutes with S
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Considering the same family (Q,), as before we have that

(2n+1)(2n+3) 0
HQ H2 _ 2(n+1)3
nilw — 0 2n+3
(n+1)(n+2)

and we can produce a family of normalized OMP P, = ||Qy||,y} @n

Reproducing kernel
Q

(M) = | PUOW(RP] (B)de, j=0L... T
0

“Band limiting": Restriction to the interval (0, Q)

“Time limiting": Restriction to the range 0,1,..., T

= There exists a block tridiagonal matrix S (pentadiagonal) such that
M commutes with S

Scalar case: the vector space of all possible S's is 2-dimensional
Matrix case: the vector space of all possible S's is 3-dimensional
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@ Scalar versus matrix orthogonality
@ Scalar case

@ Matrix case
@ New phenomena
© Applications

@ Quasi-birth-and-death processes
@ Quantum mechanics

@ Time-and-band limiting

© Open problems
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Scalar versus matrix
Applications
Open problems

Open problems

@ Classify all families of OMP satisfying any order differential operators.
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Open problems
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Scalar versus matrix
Applications
Open problems

Open problems

@ Classify all families of OMP satisfying any order differential operators.
@ Proof of the algebras of differential operators associated with any size
weight matrix.
o Electrostatic equilibrium of the zeros of these new families of OMP.
@ Riemann-Hilbert problem for MOP: Given a weight matrix W and a
positive integer n, find a 2N x 2N matrix valued function
Q Y :C\R — C?MN*2N s analytic.
@ Y has boundary values for t € R, denoted by Y4 (t), and

Y, (t)=Y_(t) ((I) Wl(t)), teR

CR O[S
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Scalar versus matrix
Applications
Open problems

The unique solution of the Riemann-Hilbert problem is given by

Pal2) = | P

2mi

_ S—Z
Y@= . Pa(s)W(s)
_2T[I‘Yn—1‘ynflpn71(z) _‘Yn—l‘ynfl dS
R S—Z

Pn(z) monic MOP,y,, is the leading coefficient of an orthonormal family.
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Scalar versus matrix
Applications
Open problems

The unique solution of the Riemann-Hilbert problem is given by

s et
Y(z) = . TR TR (sWs)
_27T’Vn—1Vn71Pnfl(z) _‘Yn—l‘ynflJ' dS
R S—Z

Pn(z) monic MOP,y,, is the leading coefficient of an orthonormal family.

@ Asymptotics of these new families of OMP: Try to find the matrix version of

the Heine's formula
n

Palx) = 75 [+ [ TT0x =) [Ty — xdeoton) -+ devi)

j=1 i<j
where Ho 125 I Hn—1
M1 Mo - Hn
Dn — . . .
Hn—1 Hn -+ H2p-2

using quasi-determinants.
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